MAX-MIN MEASURES ON ULTRAMETRIC SPACES 
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Abstract. The ultrametrization of the set of aU probabihty measures of compact 
support on the ultrametric spaces was first defined by Hartog and de Vink. In this 
paper we consider a similar construction for the so called max-min measures on the 
ultrametric spaces. In particular, we prove that the functors max-min measures and 
idempotent measures are isomorphic. However, we show that this is not the case for 
the monads generated by these functors. 



1. Introduction 

The ultrametric spaces naturally appear not only in different parts of mathematics, 
in particular, in real-valued analysis, number theory and general topology, but also have 
applications in biology, physics, theoretical computer science etc (see e.g. [6, 11, 14]). 

The probability measures of compact support on the ultrametric spaces were investi- 
gated by different authors. In particular, Hartog and de Vink [6] defined an ultrametric 
on the set of all such measures. The properties of the obtained construction were estab- 
lished in [7] and [14]. 

The aim of this paper is to find analogs of these results for the other classes of measures. 
We define the so called max-min measures, which play a similar role to that of probability 
measures in the idempotent mathematics, i.e., the part of mathematics which is obtained 
by replacing the usual arithmetic operations by idempotent operations (see [8, 10]). The 
methods and results of idempotent mathematics find numerous applications [1, 2, 4]. 

Note that the max-min measures are non-additive. The class of non-additive measures 
finds numerous applications, in particular, in mathematical economics, multicriteria de- 
cision making, image processing (see, e.g., [5]). 

In the case of max-min measures, we start with such measures of finite supports; 
the general case (max-min measures of compact supports) is obtained by passing to the 
completions. 

One of our results shows that the functors of max-min measures and the idempotent 
measures in the category of ultrametric spaces and nonexpanding maps are isomorphic. 
However, we show that the monads generated by these functors are not isomorphic. 
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2. Preliminaries 

2.1. Max-min-measures. By R we denote the extended real line, M = M U {— oo, oo}. 
Let A and V denote the operations max and min in R, respectively. Following the 
traditions of the idcmpotcnt mathematics we denote by the addition (convention 
— oo X = a; for all a; S R, a; < oo). 

Let X be a topological space. As usual, by C{X) we denote the linear space of 
(real- valued) continuous functions on X. The set C{X) is a lattice with respect to 
the pointwise maximum and minimum and we preserve the notation A and V for these 
operations. 

Given a: G X, by (5a; we denote the Dirac measure in X concentrated at x. Given 
Xj G X and aj G R, i = 1, . . . , n, such that A^^^a^ = oo, we denote by V^^^aj A 5x^ the 
functional on C{X) defined as follows: 

V^^iOi A 5^^{ip) = V^^icti A ^{xi). 

Let us denote by Joj{X) the set of all such functionals. We call the elements of Juj{X) 
the max-min measures of finite support on X. The term 'measure' means nothing but 

the fact that = V^^^ctj A G Jui{X) can also be interpreted as a set function with 
values in the extended real line: n{A) = Vjaj | Xi G A}, for any A G X. 
The support oi n = V"^;^aj A 6x^ G Jui{X) is the set 

supp(^) = {xi \ i = 1, . . . ,n, Oi > — oo} C X. 

For any map f : X ^ Y of topological spaces, define the map Jujif)'- Juj{X) — > Joj{Y) 
by the formula: 

^(/)(Vtiai A J^J = Vtia, A <5j(^^). 
Let us recall that Ii^{X) denotes the set of functionals of the form VjCKi 5xi, where 
G R and Vja^ = 0. If 95 G C(X), then (VjOfi (5a;. )(</?) = \/ iaiQ<f{xi). See e.g. [15], for 
the theory of spaces Iuj{X) (called the spaces of idempotent measures of finite support) 
as well as related spaces I{X) (called the spaces of idempotent measures of compact 
support). Recall that the support oi fi = yf^^ai Sx^ G Iu){X) is the set 

supp(^) = {xi \ i = 1, . . . ,n, ai > —00} C X. 

Remark 2.1. We adopt the following conventions: +00 A^a; = 5x in Juj{X) and 0Q6x = 
Sx in luiiX). 

2.2. Ultrametric spaces. Recall that a metric d on a set X is said to be an ultrametric 
if the following strong triangle inequality holds: 

d{x,y) < maK{d{x,z),d{z,y)} 

for all x,y,z e X. 

By Or{A) we denote the r-neighborhood of a set A in a metric space. We write Or{x) 
if ^4 = {x}. It is well-known that in the ultrametric spaces, for any r > 0, every two 
distinct elements of the family Or = {Or{x) \ x G X} are disjoint. We denote by 
the set of all functions on X that arc constant on the elements of the family Or- By 
Qr'. X ^ X/Or we denote the quotient map. We endow the set X/Or with the quotient 
metric, dr- It is easy to see that dr{Or{x)., Or{y)) = d{x, y), for any disjoint Or{x), Or{y), 
and the obtained metric is an ultrametric. 
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Recall that a map f: X ^ Y, where {X,d) and (Y, g) are metric spaces, is called 
nonexpanding if Q{f{x), f{y)) < d{x, y), for every x,y E X. Note that the quotient map 
Qr'. X Xj Or is nonexpanding. 

2.3. Hyperspaces and symmetric powers. By exp X we denote the set of all nonempty 
compact subsets in X endowed with the Hausdorff metric: 

dH{A,B) = inf{e > | ^ C Oe{B), B c Oe{A)}. 

We say that exp X is the hyperspace of X. For a continuous map f : X —^Y the map 
exp/: expX — t- expl" is defined as (exp f){A) = f{A). 

It is well-known that exp / is a nonexpanding map if so is /. We denote hy sx - X 
expX the singleton map, sx{x) = {x}. 

By Sn we denote the group of permutations of the set {1,2,..., n}. Every subgroup 
G of the group Sn acts on the n-th power X^ of the space X by the permutation of 
factors. Let SPq{X) denote the orbit space of this action. By [xi,. . . ,Xn] (or briefly 
[xi]) we denote the orbit containing (xi, . . . , x„) G X'^. 

If {X, d) is a metric space, then SPq{X) is endowed with the following metric d, 

d{[xi], [Vi]) = mm{iaayi{d{xi,y^(^)) \ i = 1, . . . ,n} \ a e G}. 

It is known that the space {SPQ{X),d) is ultrametric if such is {X, d). 
Define the map ttg = t^gx '■ X"- SPq{X) by the formula 7rG!(xi, . . . , x„) = [xi, . . . , 
It is shown in [7] (and easy to see) that the map ttg is nonexpanding. 

2.4. Monads. We recall some necessary definitions from the category theory; see, e.g., 
[3, 9] for details. A monad T = (T, r/, ^) in the category £ consists of an endofunc- 
tor T: £ ^ £ and natural transformations rj: Is ^ T (unity) , ji: T"^ = T o T ^ T 
(multiplication) satisfying the relations /x o Tr; = /x o r/T =1t and jj, o = jj, o Tji. 

Given two monads, T = {T,ri,fi) and T' = {T' , ij' , fi') , we say that a natural transfor- 
mation a : r -H' T' is a morphism of T into T' if arj = Vj and \j!aTT{a) = a^. 

We denote by UMET the category of ultrametric spaces and nonexpanding maps. One 
of examples of monads on the category UMET is the hyperspace monad H = (exp, s^u). 
The singleton map sx'- X ^ exp X is already defined and the map ux '■ exp^ X exp X 
is the union map, ux{A) = UA. 

It is well-known (and easy to prove) that the max-metric on the finite product of 
ultrametric spaces is an ultrametric. We will always endow the product with this ultra- 
metric. 

The Kleisli category of a monad T is a category Cj defined by the conditions: |Ct| = 
|C|, Cj{X,Y) = C{X,T{Y)), and the composition g * f oi morphisms / G Ct(X,F), 
g € CfiY, Z) is given by the formula g * f = fizT{g)f. 

Define the functor <I>t : C Cj hy 

$t(X) = X, $t(/) = VYf, Xe\C\, f€ C{X, Y). 

A functor F: Cj ^ Cj is called an extension of the functor F: C ^ C on the Kleisli 
category Cj if $tF = F^j. 

The proof of the following theorem can be found in [13]. 
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Theorem 2.2. There exists a bijective correspondence between the extensions of func- 
tor F onto the Kleisli category Cj of a monad T and the natural transformations ^ : FT 

TF satisfying 

1) ^F{7]) = vf; 

2) l^FT{mT = ^Fii^). 

3. Ultrametric on the set of max-min measures 

Let {X,d) be an ultrametric space. For any E Joj{X) , let 

u) = inf{r > I = viip), for any (p G C{X)}. 

Since /x, u are of finite support, it is easy to see that d is well defined. 

Theorem 3.1. The function d is an ultrametric on the set Ju{X). 

Proof. We only have to check the strong triangle inequality. Suppose that /n, i/, r G Joj{X) 
and d{iJL,T) < r, d{i',T) < r. Then, for every ip G J>, we have fJ,{<f) = T{(f) = ^{if), 
whence u) < r. □ 

Proposition 3.2. The map x t-^ Sx- X Ju>{X) is an isometric embedding. 

Proof. Let x,y E X and d{x,y) < r. Then for every (p G J>(X), we have dx{<f) = 
(p{x) = (p{y) = Sy{if), whence d{Sx,5y) < r. Therefore, d{Sx,6y) < d{x,y). The reverse 
inequality is simple as well. □ 

Proposition 3.3. Let f: X be a nonexpanding map of an ultrametric space {X,d) 

into an ultrametric space {Y,q). Then the induced map Ju{f) is also nonexpanding. 

Proof. Since the map / is nonexpanding, Lpf G Fr{X), for any (p G J-r(Y). 
If G J^iX) and d{p, u) < r, then, for every ip G J>(y), we have 

and therefore Q{Ju){f){lj), Jui{f){v)) <r. □ 
We therefore obtain a functor J^^ on the category UMET. 

Proposition 3.4. If pL,u ^ J^{X), then the following are equivalent: 

(1) d{ix,v)<r; 

(2) Joj{qr){li) = Ju{(lr)W)- 

Proof. 1)=>2). For every p: X/Or — > M wc have ipqr G J>. and therefore 

Jio{qr){lJi) = /J-ipqr) = l^i^qr) = Juj{qr){v)- 
Thus, Jui{qr)ifJ') = Juj{qr){'^)- 

2)^1). Let ip G J>, then p factors through qr, i.e. there exists tp: X ^M. such that 
p = Ipqr. Then 

Thus, d{fj,, u) <r. □ 
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In the sequel, given a metric space {X,d), we denote also by d the (extended, i.e. 
taking values in [0, oo]) metric on the set of maps from a nonempty set Y into X defined 
by the formula: d{f,g) = sup{d{f{x),g{x) \ x G X}. 

Proposition 3.5. The functor is locally non-expansive, i.e., for every nonexpand- 
ing maps f, g of an ultrametric space {X, d) into an ultrametric space (Y, q) we have 
Q{JM),U9))<Qif,9)- 

Proof. If g{f,g) = oo, then there is nothing to prove. Suppose that g{f,g) < r < oo. 
Then q^f = Qrg, where Qr'. Y ^ Y/Or{Y) is the quotient map. For every /x G J^{X), we 
obtain 

Ju{qr)JM){l^) = Ju{qrf){lA = Juj{qrg){lJ')Juj{(lr)Juj{g){l^) 

and by Proposition 3.4, g{J^{f){iJ,), J^{g){iJ,)) <r. □ 

4. Categorical properties 

Let {X, d) be an ultrametric space. Given a function </? G C{X), define (f : JuiiX) — )• M 
as follows: (p{fi) = n{<f). 

Proposition 4.1. If E Jv(X), then (p G Tr{Joj{X)). 

Proof. Given IJ,,^ E Juj{X) with d{iJ,,iy) < r, we see that <f{n) = iJ-if) = ^{'p) = 'fi'^), 
whence ip G J>(Jcj(X)). □ 

Let M G J^iX). Define ^x{M) by the condition ^x{M){(p) = M{(p), for any ip G 
C{X). If M = Wiai A Sf,^ and = VjPij A S^,., then 

CxiM) = \/iVjaiAl3ij AS^... 

Proposition 4.2. The map is nonexpanding. 

Proof. Let d denote the ultrametric on X, then d and d denote the ultrametrics on Ju{X) 

and J^{X) respectively. Let M,N e J^iX) and d{M,N) < r, for some r > 0. Then, for 
every ip G J^{X) we obtain 

Cx{M){p) = M(^) = iV(^) = ex(iV)(v^) 

and therefore d{S,x (M) , ^x (N)) <r. □ 

It is easy to verify that the maps S,x give rise to a natural transformation of the functor 
to the functor Jj^ in the category UMET. 

Theorem 4.3. The triple = {Jui,S,^) is a monad in the category UMET. 

Proof. Let = Vjaj A G Jui{X). Then 

^xJu){5x){iJ) = ^x{\/iOii A 5s^,) = Miai Abxi= \x 

and = ix{bp) = M- Therefore ^^((5) = lj„ = ^dj^. 

Let an = V^aj A e -'SC^); where Mj = Vj^jj A (5^^^.. Then 

= Vj VjQJi A A /Xy 

= A (V,Aj A (5^,,) = Ui^/iai A M^) = U^j^{X){^) 
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and therefore ^Juj{^) = ^^j^. □ 
Proposition 4.4. The spaces Iuj{X) and Juj{X) are isometric. 

Proof. Define a map h = hx '■ Iuj{X) Jui{X) as follows. Let /j, = VjCtj & Iui{X). 
Define /i(/Lt) = Vj - In(-aj) A S^^ G Joj{X). 

Suppose that u) < r, where u = 6y. G Iuo{X). For every x G X and t < 0, 
define 99^ : X ^ R by the conditions: (^f (y) = if y G B^ix) and (y) = t otherwise. 

Then 

max cKj = lim /x(<^^) = lim i^{(p^) = max (3j. 

XieBr{x) 00 yj&Br{x) 

If 99 G J>, then 
and therefore 

h{l^){^) = Vj - In(-aj) A ip{x,i) = V^gx Va.^gB,{a;) - In(-ai) A 
= Va;gx "^y.eBrix) - ln(-/3j) A (^(y^) = h{u){tp). 

Thus, d{h{n), h{u)) < r and we see that the map h is nonexpanding. One can similarly 
prove that the inverse map is also nonexpanding. □ 

Proposition 4.5. The class {hx} is a natural transformation of the functor I^^ to the 
functor . 

Proof. Let / : X ^ y be a map and /x = Vjaj 5x^ G I(jj{X). Then 

JM)hxifJ') =^(/)(Vi - In(-ai) A (5^; J = - In(-aj) ASf^^i) 
=hY{\/iai 5/(a;.)) = /ly 4; (/)()") ■ 

□ 

Corollary 4.6. The functors and are isomorphic. 

Remark 4.7. Let a: [—00,0] [— oc,oo] be an order-preserving bijection. Then the 
maps^f^: ia,(X) — )• Ju){X) defined by the formula g'^(Viii05a;i) = ^i(^{ti)^^xi-, determine 
an isomorphism of the functors J^., and J^^. 

Proposition 4.8. Every isomorphism of the functors and is of the form (f^ (see 
Re-mark -^.Tj, for some order-preserving bijection a: [— oo,0] [—00,00]. 

Proof. Let k: 1^^ J/^he an isomorphism. Let X = {x,y,z}, where x,y,z are distinct 
points. Since the functor isomorphisms preserve the supports, we obtain 

kxiteS^y tQ6yy 5^) = a{t) A (5^ V a{t) ASyV Pit) A 6z, 

where a{t) V = +00. 

We are going to show that = +00, for every t G [— oo,0]. First note that kxi^x V 
8y V 6z) = S-xV Sy V 5z- Suppose that, for some t G (—00, 0), we have f3{t) < +00. Denote 
hy r: X ^ {y, z} the retraction that sends x to z. Then, since in this case a{t) = +00, 
we obtain 

k{yM^'^('^)(^ QSx^tQSyy 6;,)) = k^y^^yit QSy\/ 6;,) = Sy ^ 5^, 
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which is impossible, because the natural transformations preserve the symmetry with 
respect to the nontrivial permutation of {y, z}. 
Thus, 

kx{tQ6^ytQ6yy 6z) = a{t) A 4 V a{t) Ady^ 6^ 

and identifying the points x and y we conclude that k^y^^yit QSyV 6z) = {o({t) Ady^ 6z)- 
We see therefore that k = g°^. 

It is clear that a is a bijection of [— oo,0] onto [—00,00]. Suppose now that X = 
{xi, X2, . . . , where xi, 2:2, . . . , x„ are distinct points. Let = y^^iU 5x^ be such 
that ti = 0. Given i > 1, consider a retraction : X — )■ that sends every Xj, 

j 7^ i, to xi. Then, by what was proved above, 

k{xux,}Iuj{ri){l^) = k^xi,xi}i^xi V 4i) = (5x1 V a{ti) A 5^^ = Jui{ri){kx{ij)) 

and collecting the data for all i > 1 we conclude that kxifi) = V"^]^Q;(ti) A dx^- 

We are going to show that the map a is isotone. Again, let X = {x,y,z}, where 

where x,y,z are distinct points. Suppose that ti,t2 € ["OOjO] cind ti < t2- Then 

kxih Q6xVt2(D5yV 5^) = a(ti) A V a{t2) A6yV 5^. 

For a retraction r: X ^ {y, z} the retraction that sends x to y, we obtain 

Iu;ir)iti QSx^ t2Qdy\/ 6z) =t2QSy\JSz 

and therefore 

lUr){a{ti) ASxV a{t2) ASy^/ S^) = a(t2) AdyW S^, 
whence we conclude that a{ti) < a{t2)- This finishes the proof of the proposition. □ 

Theorem 4.9. The monads I^j and Suj are not isomorphic. 

Proof. Suppose the contrary and let a natural transformation /i: /^^ — > J^^ be an iso- 
morphism of lu and Then, by Proposition 4.8, h = g"', for some order-preserving 

bijection a: [— oo,0] — t- [— cx),cx)]. 

Let X = {a,b,c}. Suppose that M = ((-1)05^) VJ^, G I^iX), where /x = (-2)0(5aV56, 
f = (-3) QdbW 5c. 

Then 

hxCx{M) =hx{{-3) QSaV (-3) V 4) 
=a(-3) A (5a V a(-3) A (5^ V 4. 

On the other hand, 

^xJUhx)hi^(x)iM) = ^xJUhx){a{-l) A 5^ V S,) 

=Cx(a(-l) A Sh^^f,) V Sh^^^)) = ^x{a{-l) A (5(a(-2)A5aV5.) V S^a(-3)ASf,VSc) 

=(a(-2) A (5„ V a(-3) Adb^ dc) + hxCx{M). 

□ 

Let /X = ViOii A 6xi € JtoiX), v = VjfSj A 5y. G J^iY). Define G Ja;(X x y) by 
the formula: 
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Lemma 4.10. The map 

{li,v) ^ i^(S>u: J^{X) X J^{Y) J^{X X Y) 

is nonexpanding. 

Proof. Suppose that d{{iJL,v), < r. Then 

and we conclude that 

d{Joj{qr){l^ (8) ly), Jcj{qr){lJ'' ® i'')) < r. 
Therefore, the mentioned map is nonexpanding. □ 

Remark 4.11. The results concerning the operation (g) can be easily extended over the 
products of arbitrary number of factors. 

Theorem 4.12. There exists an extension of the symmetric power functor SP^ onto 
the category of ultrametric spaces and nonexpanding maps with values that are max-min 
measures of finite supports. 

Proof. Let X be an ultrametric space. Define a map Ox - SPq{Ju{X)) — >■ Jij{SPq{X)) 
by the formula: 

First, we remark that 9x is well-defined. Indeed, if [fii,. . . , fin] = [^i, ■ ■ ■ ,1^71], then 
there is a permutation a E: G such that Vi = //^(i)) for every i E {1, . . . , n}. Denote by 
ha ■ X^ the map that sends {xi, . . . , x„) to {xa(^i), ■ ■ ■ , a^(T(n))) then 

Joj{Pg){IJ'1 (8) • • • <8) /Un) =Joj(PGha){l^l ® ■ ■ ■ ^ f^n) 

=JUPG)JUha){lJ'l ® • • • <8) /Un) = Joj{Pg){i'1 <8) • • • (8) l^n)- 

Next, note that 9x is nonexpanding, i.e., a morphism of the category UMET. This 
easily follows from Lemma 4.10 and the fact that the map ttq is nonexpanding. 
Let (xi, . . . ,Xn) G X". Then 

9xSP^{6x){xi, ...,xn) =Ju>{pg){5x, ® • • • ^ 5^ J 

= Ji^(.PG){^{xi,...,x„)) = ^pg{xi,...,x„) = ^lxu...,x„]- 

Now let Ml, ... , Mn e J^{X) and Mi = Vaik A 5/,^,, where G JU^)- Then 
CxM&x)Oj^(x){[Mi, ...,Mn]) = ^xJUOx)Mt^gmx)){Mi ® • • • ® M„) 

=M^x)Joj{tTgMX)) (V(«1w a • • • a anij A 5(;^Hi,.-,/^ni„)) 
=tixJU^x) (V(«Hi A • • • A anij A 

=Cx (V(«ln ^■■■^ «™n) A '^ex([wn,-,/x„i„])) 
= V("iw A • • • A anij A 6'x([)"Ui, • • • , IJ-niJ)- 
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On the other hand, 

exSP^{£,x){Wh, . . . ,M„]) = ex{[ex{Mi), . . .,9x{Mn)]) 

= '/a;(7rG)((VaHj A Hii-^) (g) • • • (g) (Vaiij A jJ-niJ) 

= Jw{t^g) {\J{otUi A • • • A ani„) A {^li^ (g) • • • (g) /inin)) 

= \/(<^ln • • • "nin) A Ju,(7rG)(/ilii (g) • ■ ■ <g) /Xni„), 

i.e., ixJw{Qx)Qj^(x) = 9xSPq{S,x)- Applying Theorem 2.2 we obtain that the functor 
SPq admits an extension onto the Kleish category of the monad J^,. □ 

Proposition 4.13. The class of maps supp = (supp^): Jijj{X) — >■ expX is a morphism 

of the monad into the hyperspace monad H. 

Proof. Clearly, for every x G X, where X is an ultrametric space, we have sx{x) = 
{x} = supp{dx). 

Now let M G J^{X), M = Vf^^ai A //j. We may assume that > —oo, for all i. Let 
also iii = V^^/Sjj A 5xij, where Pij > — oo, for all i,j. 
Then ^x{M) = Ni^ai A A 4,, and 

ux exp(suppx)suppj^(^)(M) = ux cxp(suppjf . . . 

=ux{{xi\, . . .,Ximi} h = 1, ■ • • ,n} = {xij I i = 1, . . . ,n, j = 1, . . ■ ,mi} 
=supp(ex(M)). 

□ 

5. Completion 

Denote by CUMET the category of complete ultrametric spaces and nonexpanding 
maps. Given a complete ultrametric space {X, d), denote by J(X) the completion of the 
space JujX. 

For any morphism / : X ^ y of the category UMET there exists a unique morphism 
J{F): J{X) J{Y) that extends JM- We therefore obtain a functor J: CUMET 
CUMET. 

The results of the previous section have their counterpart also for the functor J. In 
particular, we have the following result. 

Proposition 5.1. The functors I and J are isomorphic. 

We keep the notation 5x for the natural embedding x ^ 5x'. X ^ J{^)- Also, for 
any complete X, the set J'^{X) is dense in J'^{X) and therefore the nonexpanding map 

■ J^i-^) ~^ Juj{X) can be uniquely extended to a nonexpanding map J^{X) — >■ J{X). 
We keep the notation ^x for the latter map. 

Theorem 5.2. The triple J = {J,S,^) is a monad in the category CUMET. 

Proof. Follows from the proof of Theorem 4.3. □ 



10 



MATIJA CENCELJ, D. REPOVS, AND M. ZARICHNYI 



The monad J is called the max-min measure monad in the category CUMET. The 
support map 

Vf^iOj A(5^. 1-^ {xi,. . . ,x„}: Juj{X) expX 
can be extended to the map supp: J{X) — > expX, which we also call the support map. 

Theorem 5.3. The class of support maps Ju){X) — > cxpX is a morphism of the max-min 

measure monad to the hyper space monad in the category CUMET. 

Theorem 5.4. There exists an extension of the symmetric power functor SP^ onto the 
Kleisli category of the monad J. 

Proof. Similar to the proof of Theorem 4.12. 

□ 

The category mentioned in the above theorem is nothing but the category of ultra- 
metric spaces and nonexpanding max-min measure- valued maps. 

Theorem 5.5. The monads I and J are not isomorphic. 

Proof. This follows from the fact that every morphism of monads generates a morphisms 
of submonads generated by the subfunctors of finite support. □ 

Open problems 

Define the max-min measures for the compact Hausdorff spaces in the spirit of [15]. 
Is the extension of the symmetric power functor SP"' onto the category of ultrametric 
spaces and max-min-measure-valued maps unique? This is known to be valid for the 
case of probability measures. 

The class of if-ultrametric spaces was recently defined and investigated by Savchenko. 
Can analogs of the results of this paper be proved for the i^-ultrametric spaces? See [12] 
where analogous questions are considered. 
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